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Abstract 
Wallis, W.D. and J. Wu, On clique partitions of split graphs, Discrete Mathematics 92 (1991) 
427-429. 
Split graphs are graphs formed by taking a complete graph and an empty graph disjoint from it 
and some or all of the possible edges joining the two. We prove that the problem of deciding 
the clique partition number is NP-complete, even when restricted to the class of split graphs. 
All graphs considered in this paper are finite, simple and undirected. The 
vertex set and the edge set of a graph G are denoted by V(G) and E(G) 
respectibrely. 
A clique in a graph G is a complete subgraph of G. A clique partition of G is a 
set of edge-disjoint cliques of G which together contain every edge of G. A 
minimum clique partition of G is one with the minimum number of members. 
This minimum number is called the clique partition number of G and is denoted 
by cp(G). For a discussion of clique partition problems see, for example, [3]. 
A set of vertices of a graph G is caiied independent if no two of its vertices are 
adjacent. Suppose ‘J(G) can be partitioned into two subsets, one independent set 
S and one set whose vertices are all adjacent-they form a clique K in G. Then G 
is called a split graph. The extreme version of a split graph is the complement 
K, - K, of an m-clique in K,. If each cycle of length at least 4 in G must contain 
a chord, then G is called chordal. Clearly split graphs are always chordal. Various 
classes of split graphs (in particular the complement of a cliquej have been 
important in clique partition theory since the original work of Orlin [2]. 
The problem of computing the clique partition number is very difficult. 011iy 
for certain special classes of graphs can we find the clique partition number or 
even given reasonable bounds for it. In fact, it is shown in [l] that the problem of 
determining the clique partition number is W-complete, even when restricted to 
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chordal graphs. In this paper we show that the problem is NP-complete even if 
restricted to split graphs, and even if the vertices in the set S are all of degree 2. 
We use the term non-edge for a pair (u, v) of vertices of G which are not 
adjacent in G-an edge in the complement of G. If G has n vertices and p 
non-edges, we define p cliques K’, one for each non-edge ei = (ui, Vi), as follows: 
The vertex set of K’ is {Ui, Vi, Wir, Wi2, . . . , WiN}, where N = n(n - 1)/2 and the 
wij are N new vertices. Then K’ is called the augmenting clique of ei. The union of 
G and the K’ is the augmenting raph A(G) of G. It has n +pN vertices and 
pN(2rz + pN - N - 4)/2 non-edges. 
Proposition 1 [I]. For any graph G, cp(A(G)) =p + cp(G). 
It is easy to see that cp(A(G)) s N. One can partition A(G) by taking the p 
cliques K’ and the N -p edges of G as one-edge cliques. 
We now define another graph which augments G in a slightly different way. For 
each non-edge e = (u, v) of G we define a new vertex w(e) and add to G the 
edges (u, v), (u, w(e)) and (v, w(e)). The resulting graph is called the growing 
gruph of G, and is written B(G). The triangle (u, v, w(e)) will be called the 
growing triangle of e, and written T(e). 
Thmrem 1. Suppose G is a graph and p and q are the numbers of non-edges of G 
and A(G) respectively. Tl;ez 
cp(B(A(G))) = P + q + cp(G). 
Proof. The result is obvious if p = 0, so we assume p > 0. 
Suppose a clique partition of A(G) into the minimum number (p + cp(G)) of 
cliques is given. If one simply adds the growing triangles as cliques one gets a 
clique partition of B(A(G)) with q more cliques, 50 
cp(B(A(G))) s P + q + cp(G). (1) 
Now suppose 52 is a minimum clique partition of B(A(G)), @ the set of 
non-edges of A(G) and T(e) = {u, v, w(e)} some growing triangle of A(G). Since 
the only clique of A(G) containing T(e) is T(e) itself, there are two possibilities. 
Either T(e) is a member of Q or else (u, w(e)) and (v, w(e)) are both members 
of & In the latter case, minimality means that the member of $2 containing (u, v) 
must also contain other edges. In the two cases we say T(e) is type 1 or type 2 
respectively. 
Write 4 for the set of non-edges of A(G) such that T(e) is type 1 and F2 for the 
set of non-edges such that T(e) is type 2; say IF,1 = q1 and IF21 = q2. Then 
q1+q2=q and 
14 = ql+ 29, + cp(A(G) U 6) = q + 92 + cp(A(G) U 4). 
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Rut ]sZl = cp(B(A(G))), so from (1) 
4 + q2 + cp(A(G) U F,) sp + q + cp(Gj. 
Therefore we have q2 =~p + cp(G); since p + cp(Gj < N, we have q2 s N. 
Now consider the clique partition of A(G) U F2 induced by $2. Let PC be an 
augmenting clique of G. If K is not a member of Q, then from [2] it follows that 
42 induces a partition of K into at least N + 2 cliques. So 
1Q[z+Jq+q2+Iv+2, 
which contradicts (1). Consequently every augmenting clique of G is a member of 
Sz and 
b-4 = q + q2 + P + cp(G u 5). 
Any member of F2 has at most one endpoint in G. So cp(G U 4) 2 cp(G). It 
follows that 
l~l~q+q2+P+cp(G)~P+q+cp(G), 
which together with (1) proves the theorem. .Cl 
Corollary 1. The clique partition problem over split graphs L NP-complete. 
Proof. Given any graph G, the graph B(A(G)) is a split graph in which every 
vertex of the independent set has degree 2. So it can be constructed in polynomial 
time. Since 
cp(G) = cp(W(G))) -P - q- 
we have a polynomial reduction of the general clique partition number problem 
to the special case of the clique partition number of split graphs. Since we know 
[l] that the general problem is NP-complete, we have the result. Ll 
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